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Holder continuity of singular parabolic
equations with variable nonlinearity

Hamid EL BAHJA

Abstract

In this paper we obtain the local Holder regularity of the weak so-
lutions for singular parabolic equations with variable exponents. The
proof is based on DiBenedetto’s technique called intrinsic scaling; by
choosing an appropriate geometry one can deduce energy and logarith-
mic estimates from which one can implement an iterative method to
obtain the regularity result.

1 Introduction

Consider the following parabolic equations
up — divA(x, t,u, Vu) = B(z,t,u, Vu) in Qr, (1.1)

where Q7 = Q x (0,7], Q is a bounded simple-connected domain in R and
0 < T < +o0. The functions A : Qp xRVt —5 R¥ and B: Qp xRVt S R
are assumed to be measurable and satisfying the following structure conditions

s by Uy > Ua y p a )= ,
(1.2)

|B(z,t, u, Vu)| < Cy ((b(x,t) + |uP@O=t 4 |vu|p(z,t)—1) )
(1.3)
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Az, t,u, Vu).Vu > Cs|Vul[P@D) (1.4)

where ¢(x,t) € L*(Qr) and Cy, Cy, C3 are positive constant. Throughout the
paper we assume that the exponent p(z,t) is a given measurable function in
Q7 such that

p(z,t) C [p~,p"] C (1,2).

Moreover, we assume that the exponent p satisfies the following log-continuity
condition:
[pla,t) — p(y, 7)| S ——— forany (z.8), (y.7) € O,
[t=|+lz—yl (1.5)
[t =7+ ]z —y| < L
2
The conditions like (1.2)-(1.4) are called p(z,t)-growth conditions, which
are special cases of nonstandard growth conditions. The parabolic equations
with nonstandard growth conditions are the mathematical models of flows of
electrorheological or thermorheological fluids, processes of filtration through
a porous medium and the processing of digital images [1, 2,9,24]. Further
applications of these parabolic equations can be seen in [4,5,13,20,21] or the
references therein.
The operator —divA(z,t,u, Vu) is a generalization of the p(z,t)-Laplace

operator —div(|Vu[P(®)~2Vy) and the generalized mean curvature operator
—div((1 + |Vu|2)p(m’2§)_2 Vu) (see [19] for more details). Therefore, the prob-
lem (1.1) can be viewed as a generalization of the parabolic p(z,t)—Laplace

problem

wy — div(|Vul[P D ~2Vu) = Bz, t,u, Vu) in Qp,
and the generalized parabolic mean curvature problem

p(x,t)—2
2

up — div( (1 + \Vu\2) Vu) = B(z,t,u, Vu) in Qrp.
For more examples of problems that can be generalized by equation (1.1) see
the monograph [4].

Our aim here is to obtain a local regularity result for local weak solutions
of (1.1). In order to achieve this goal, and since the equation is singular (the
modulus of ellipticity becomes unbounded at points where |Vu| = 0), the
idea is to study the equation within a geometry that takes this feature into
consideration. The building blocks of DiBenedetto’s intrinsic scaling method
is to show that the continuity of the solution at a point follows from measuring
its oscillation in a sequence of nested and shrinking cylinders, with vertex at
that point, and showing that the oscillation converge to zero as the cylinders
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shrink to the point. To fully understand the technical procedure, based on the
study of an alternative argument which makes use of energy and logarithmic
estimates, one has not only to be familiar with DiBenedetto’s technique (see
[10,11,22] but also to overcome the difficulty of having an (z,t)—dependence
on the exponent p.

The development of the regularity theory for degenerate and/or singular
parabolic pdes is one example of the contemporary analysis of nonlinear pdes.
One has to go back to the final fifties to encounter the now standard proce-
dure that allows one to get a regularity result for the solutions of nonlinear
pdes: regularity for elliptic pdes was established by De Giorgi [12]; while
Moser [14, 15, 16, 17], Nash [18] and DiBenedetto [10] dealt with parabolic
pdes. Thorough analysis has been carried out for the case of the parabolic
isotropic and anisotropic p(x,t) — laplacian, in which Holder continuity and
other properties of solutions are established in [3, 7, 8].

2 preliminary and main results

2.1 Mollification in time

Since weak solutions of parabolic equations, respectively inequalities possess
only weak regularity properties with respect to time, it is in principle not
possible to use the solution itself as a test-function in the weak formulation
of the problem. In order to be nevertheless able to test properly, there are
several possibilities to smooth the solution with respect to the time direction.
To overcome these faculties, we consider the Friedrichs mollifier as was done
in [3]. Indeed, taking the kernel

p>0, peCEMRY), px)=0 for |z|>1, / p(x) de =1,
RN

we introduce regularization of f € Lfo(f’t)(QT) by

t+h
hp _1—1 _
I"f = fu(z,t) =h /t /|xy§h f,7)pn(x —y) dydr,

o) = h~Np(h ),

(2.1)

and consider these inside the cylinder Qr, i.e., in cylinders Q. = Q' x (11, T2),
where Q' C Q, 0 < T} < Tp < T. The basic property of the mollification (2.1),
which can be retrieved from [[3], Lemma 2.1], is summarized in the following:

Lemma 2.1. If the exponent p satisfies the condition (1.5), then fr, — f in
Lp(m"t)(QT) as h — 0, for any f € Lp(m’t)(QT).

loc loc
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2.2 Formulation of the problem

We will consider here local weak solutions of equation (1.1), the existence of
such solutions is guaranteed by [23,25].

Definition 2.2. A local weak solution of (1.1) is a measurable function u(z,t)
defined in Qr such that

(i) we C(0,T; L*(Q) N LP (0,75 W0 (@),
(i) for every subset K of Q and for every subinterval [t1,t2] of (0,T]

|:/K ue dm]t +/ / {—ug: + Az, t,u, Vu). Vo }drdt

12
/ / (z,t,u, Vu)pdzdt,
ty

for all locally bounded tested functions

(2.2)

¢ € W0, T; L2(K)) N LE,_(0,T; Wy "™ (K)).

loc

We can write (ii) in a way that is technically more convenient and involves
the discrete time derivative. This can be accomplished by using the Friedrichs
mollifier of a function (see [3] for more details). Then, we get the following:

Lemma 2.3. If u is a solution of equation (1.1) in the sense of Definition
2.2, then for every subset K of Q, and for any h < t1 < to < T — h, the
following relation

to
/ / {uno + [A(z,t,u, Vu)], Vo — [B(z,t,u, Vu)], ¢tdxdt =0, (2.3)
t JK
holds for any locally bounded tested function

€ Wh2(0,T; LA(K)) N LP. (0, T; W™ 0 (K)).

loc loc

Proof. We introduce the following regularization operator:

t
==t [ e didr 2a)
t—h J]z—y|<h
Consider equation (2.2) with

¢ =T"(px), ¢eW-0,T;L*(K))N L

loc

(0,7 Wy "9 (K)).
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Since

tz t2
/ / d dt = / / up, X drdt,
tl tl K

to
/ / [untox + [A(z, t,u, Vu)], .V(ex) — [B(z,t,u, Vu)], ¢x] dedt = 0.
t JK

it follows that

Passing here from x € C§°(t1,t2) to characteristic function of the segment
[t1,t2], we obtain the desired relation (2.3). O

The proof of the oscillation lemma, which implies the Holder continuity of
solutions u(x, t) of equation (1.1), is based on integral estimates for truncated
functions of the form

(u—k)y+ = max(u — k,0), (u—Fk)_ = max(—(u—k),0), k€R.
One of the required inequalities is given in the following lemma.
Lemma 2.4. Ifu is a solution of equation (1.1) in the sense of Definition 2.2
and v = (u — k)4, then for any h < t1 <ts < T — h, the following relation

12
/ /{v;%tgo + [A(z, t,v, V)], .V — [B(z,t,v,Vv)], p}dxdt <0, (2.5)
t1 Q
holds for any nonnegative tested function

e WE2(0,T; LA(K)) N LP. (0, T; W8 (K)).

loc loc

Proof. Taking

(up — k)+9
= 7 N . > Oa
7T (un —k)s + e =
where 5
a—f € L?(Qr), and ¢ = 0 in a neighborhood of 97,

as a test function in (2.2). Integrating by parts in the first term, using (2.1),
and passing to the limit A — 0 (this is possible due to the interpolation
Lemma 2.1) and for ¢ — 0, we obtain

to
/ /{—v Az, t,v,Vv).Vo — B(ac,hqu)VqS}dwdt
ty

2
< —liminfC’s/ / ‘Vv|p(w) (v+ )26 dudt.
eNo t, Ja



HOLDER CONTINUITY OF SINGULAR PARABOLIC EQUATIONS 56

Since the limit is nonnegative and t1, to are arbitrary, it follows that

ta
/ / {—U?;: + A(z,t,v,Vv).Vo — B(z,t,v, Vv)Vfb} dxdt < 0.
t1 Q

Now, repeating the reasoning in the proof of Lemma 2.1, we come to the
desired inequality (2.5). O

2.3 Regularity result

In order to obtain the interior continuity of the solutions by means of intrinsic

scaling, we need to consider a geometry that accommodates the singularity

of the parabolic equation (1.1). For this purpose, fix a point (xg,t) € Qr,

assume (zg,%9) = (0,0). Consider a cylinder

QRY ,RZ)=K ,+ x (—=R"",0):={z: max |z <R} x (=R ,0)
’ R ’ 1<i<N ’

where R > 0 is taken such that the inclusion holds. Now, let

pt = esssup wu, puo = essinf+ u, and w= ess osc_ w=pt—p,

QrRe R QR R™T) QRr* R

and construct the cylinder

p_ —2
. w I3
Q(Rp+7coR) with ¢p = (2—)\) i

where A is to determined only in terms of the data.

+
In order to study our problem inside Q(RP", R""), we start the iteration
by assuming that

p_ —2

(%) < REE (2.6)

Then, we obtain that

ot
Q(Rp+,coR) C Q(Rp+,RT), and essosc u<w.
Q(RPY coR)

Remark 2.5. If (2.6) does not hold, then the essential oscillation w goes to
zero when the radius R goes to zero, and then there is nothing to prove.

In order to begin our approach, Inside Q(Rer7 ¢oR) consider subcylinders
of smaller size as follows:

p_ —2

(7,0) + Q(R"" . doR), do:(g) il (2.7)
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These cylinders are contained in Q(R”+ ,coR) if T ranges over the cube Kp,,
where ~
p——

R(w) = {(QA—l)pp;Q - 1} (%) 7 R LodoR, (2.8)

—2
for Lo = (2)‘_1)pr’+ — 1.
Now, given vy € (0,1), to be determined in terms of the data, either

’{(xﬂf) € (2,0) + QR doR) : u(w,t) < p~ + OQJH (2.9)

< | QR doR)|.

or

'{(x,t) € (#.0)+ QR doR) : u(w,t) <p” + ;}‘ (2.10)

> 1 ‘Q(Rp+,d0R)‘ .

In both cases, we will conclude that the essential oscillation of « within smaller
cylinder, centered at the origin, decreases in a way that can be quantitatively
measured.

The analysis of this alternative leads to the main result of this work.

Proposition 2.6. There exist constants n € (0,1) and C, X\ > 1, that can be
determined only on terms of the data, satisfying the following. For n=0,1,2..
construct the sequences

R,=C™ "R, w,=n"w,
and the cylinders

Q= Q(Rf:,can) with ¢, = (%) o

Then, for all n=0,1,2..,

Qni1 C Qn and ess osc u < wy,.

n

As an immediate consequence, we obtain the following.

Theorem 2.7. Under assumptions (1.2)-(1.5), any locally bounded weak so-
lution of (1.1) is locally Holder continuous.

Remark 2.8. By using the result in Proposition 2.6, the proof of Theorem
2.7 follows from a slight modification of the argument in Theorem 1.1 in [3].
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3 Local energy and logarithmic estimates

Let 7 and p be so small that Q(7,p) C Qr. Let £ denote a piecewise smooth
cutoff function in Q(7, p) such that

£€0,1], |V <ooand (z,t) =0 for z outside K,.
Proposition 3.1. Let u be a local weak solution of (1.1) in Q. There exist

positive constants C and C' such that, for every cylinder Q(7,p) C Qr and
for every k € R

sup / (u— k)% e xﬁdm—i—C/ / k).|P & dadt
—7<t<0 —T

S/ (u— k)2 & (z,—7 dx—|—0'{/ / u— k)2 e e dudt

(3.1)
/ / u— |vg|p +er )dmdt
/ / k)a > 0) dmdt]
Proof. See Proposition 3.1 in [7] O

Now, introduce the logarithmic function

VEw) = ¢ (HE, (u—k)x,c) = (ln (H,;F - (fftk)i +C)>+,

where Hif = ess sup|(u—k)+| and 0 < ¢ < Hf. In the cylinder Q(r, p), we
Q(7:p)
take a cutoff function satisfying £ € [0,1], [V¢| < oo and ¢ is independent of

te (-,0).

Proposition 3.2. Let u be local weak solution of (1.1) in Qp. There exists
a positive constant C such that for every cylinder Q(t,p) € Qr and for every
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level k € R,

—7<t<0

esssup/ [wi(u)}szdx
KP

0

- /pr{,} [ ) e e+ 0( / ) /K () [0 )] dade
+f / @@ @] ([l 1) dade 52)
+/_OT /K () (IVul” + 146" ) dodt
+f /. () [(W)'(@]%fm).
Proof. See Proposition 3.2 in [7] -

4 Rescaled iteration

The following rescaled iteration technique applies to any subcylinder of Qr
and it is crucial in both alternatives (2.9) and (2.10). Let m > 0 be given by
m = mq + ms, where m; > 1, and mo > 0 and consider the cube

p——2
N W +
Kd1R = {I eER ) 12112%}3\[ |xl| < le} ’ dy = ( ) : )

oma
and the box
Qumy,ma) = Kay x (=202 R, 0).
Fix (z,t) € Qr, and let R > 0 be so small that
(2,1) + Qr(m1,m2) C Or.

Lemma 4.1. There exists a number vy that can be determined a priori only
in terms of the data, such that:

(1) If u is a super-solution of (1.1) in (z,t) + Qr(mi, mso) satisfying

€SS 0ScC u<w
(&,5)+Qr(m1,m2)

and

{(@.0) € @D +Qnrimi,ma) + ue,t) < u™ + 2=} < v01Qnlmi, ma)l,
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then
w

u(z,t) > p~ + il

V (z,t) € (2,1) + Qr (M1, m2).

(2) If u is a sub-solution of (1.1) in (Z,t) + Qr(mi, ma) satisfying

€SS 0ScC u < w
(#,5)+Qr(m1,m2)

and
{(@.0) € @D+ Qrlmi,mz) : u(e,t) > u* = 2 < w0 Qulmr,ma)]

then
w

u(w,t) < H+ T mt1e

v (,13, t) € (1_77 i) =+ Q% (mla m2)'
Proof. We only prove the statement regarding super-solutions (for sub-solutions

the proof is similar). Assume (Z,%) = (0,0) and construct the decreasing se-
quences of numbers

R, R
R,=75+

2 on+1’ n=0,1,2,..,

_ w w
kn =K + 2m+1 + 2m+n+17

and the families of nested cubes and cylinders

2
Kn:Klena d1:< d ) " 5

oma

Qn = QRn(mth) =K, x (_2(P_*2)7R2RZ+,0) .

Let 0 < &,(z,t) <1 be piecewise smooth functions in @,, such that
& =11in Qpy1, & =0 o0n 0Q,,

nt2 w 2—p— v 2p+(n+2)
IVEn| < QT (le) roland 0 < &,y < 9(2—p7)m2 &
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Now, by using the energy inequality (3.1) for the function (u — k,)_ we get

sup / (0= ko) €2 (2, t)da

—2(r~ =2m2 RE <40
// _|p 51’ dxdt
2(2 P )m22p+(n+2)
gc[ = // (u—ky)? dazdt  (4.1)
9(n+2)p*
+ TS 2m1 // U — np dxdt
// X((u—kn)—>0) dxdt]

Since the solutions are assumed to be bounded we can always normalize and
assume, w.l.g., that

w<1, (4.2)

then
+

1 w \2-p" < w \2—P
g S (2m1) = (2m1>

Also, by using the fact that

w w w
(w=ka)_ < sup(u—kn)_ < 5o + gom < o

)7 () - (e
m1 om om ’

and by means of assumption (2.6) and Remark 2.5, the terms on the right
hand side of (4.1) are estimated above by

- 2P’ w2
2— 2
02( p-)m W (27777,) /An X((ufk»n)7>0) dxdt.

Setting
- kn + kn
- + Fnt1

n — 2 )
then for all ¢ € (72(2*1’_)’”2Rﬁ+,0>, we have

/ (u—Fkp)2 & (2,t) do > / (kp —kn)" ™" (= kn)? €& (2,t) da
K, K

n

_ (%)H 2<n+s><p*—2>/ (u—Fn)” & (2,1) do
2 K

n
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and since k,, > k,, we have

// (u—ky)_|P €2 dacdt>// u—kn)-|" €8 dadt.

By combining all the previous estimates and dividing through by

(i)“f o(n+8)(p™~2)
gm ’

we obtain

sup / (u— lfcn){ f,’f dz
Kn

—2(P7 =2)ma Rff <t<0

+ (ﬁ)p_*Q 2(n+3)(2—P7)// IV(U— ]gn)_‘p’ ££+ dudt (4.3)

22n o Vm w\D~
< CRP+ 9(2—p7)ma (2?) //QW X((u—ky)_>0) dxdt.

Next consider the change of variables
y= d;lx, z =23 P )may

which maps the cylinders Q,, into the cylinders @/, = Kp x (—RE",0), and

n
define new functions

Wy, 2) = u(diy, 2 ~Dm2z), &, = &, (dry, 20 ~Dm2z),
and the sets

0
An(z) ={y € Kg, : u(y,2) < K,,}, with |A,] :/ L |An(2)] dz.
—RP

n

Since 1 < p~ < p(z) <p'T <2 and w < 1, the coefficient

(2%)17_72 2(n+3)(2,p*)+m2(p772) — wp7722(27p7)(ml+n+3) > 1’

then (4.3) becomes

sup / (ﬁ— ];:n){ Aff dz+// |V({L— En)_|p* A£+ dydz
Kr, Qr

—RyT<t<0
2% (4.4)
<O () [ ] X v
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By Holder’s inequality, Proposition 3.1 of chapter I'in [10], and (4.4), we obtain

p
/R”+ /KR f dydz
o ) ot pf(NNer*) Ntp—
/Rp+ /K [(d—kn)gnp} dydz
—iin Ry,
Nip~ Ntp—
{/RPJr /}(R X(u kn dde}

0 _ ot - N p—
L b [(“_k")—g“p} wlze A )

P

p Ap+ N+p
sup / (ﬂ — k:n)_ & dy
KRy,

—R”+<z<0

[ / - /K . I L " dyd-
L ot el ]

2277, p~ 1+ P
= Chr () Aal" 557

On the other hand

0 B — ot B _
/ / (@ — k)’ &7 dydz> / / k)’ dydz
-roY JKkg, - K

<C

Ryi1
2 |]€;L - kn+1| ‘An+1| (46)
_ o—(n+3)p" (im)p |Ans] -
2
Combining (4.5) and (4.6), we get that
| Ania| < 477 A, MRS (4.7)

Next, by defining the numbers
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we obtain the following recursive relation

p—

142
Y1 < camrly, N

Therefore, Lemma 4.1 of Chapter I in [10] implies that if

P p_+N 2
Yo < g () (4.8)
then
Y, — 0. (4.9)

However, (4.8) is nothing but the assumption (2.9). Hence, the result easily
follows from (4.9). O

5 continuity of the weak solutions
In this section we analyze the alternative and prove proposition 2.6. Assume
that these exists a cylinder of the type {(:E, 0) + Q(Rp+ , doR)} making up the

partition of Q(Rer7 ¢oR) for which (2.9) holds. Then by applying Lemma 4.1
with my; = 1 and ms = 0, we conclude that

P+
u(w,0) > p+ 2, V(e 1) € (7,0) 4 Q <<§) ,d0§> RNGEY
We view the box [(:E, 0)+Q ((?)p+ ,dg?)] as a block inside Q(RP+,COR).

Let R(w) be the radius introduced in (2.8). The location of Z within the cube
KRy is only known qualitatively. We will show that the positivity of (5.1)
spreads over the full cube K. g, for all times

+
R p
—| = <t<O0.
(5) ==
In a precise way we will prove the following

Proposition 5.1. Assume that (2.9) holds for some & € Kpg(,,). There exists
a positive number s1 that can be determined a priori in terms of the data, such
that

u(z,t) > p= + 2% Y(z,t) € Q ((?)p ,coR> . (5.2)
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To prove Proposition 5.1, we regard Z as the center of a large cube T+ Kg.,r

which we may assume to be contained in K ,+ . Indeed if not we could have
Rz

pt pt A pt
16coR > R? — w <162-»2 RT’

then there will be nothing to prove. We work within the box

(z,0) +Q <<§)p+ ,8CQR> ,

and show that the conclusion of Proposition 5.1 holds within the cylinder

(z,0) +Q ((?)p+ ,200R> )

n
This contains @ ((];”)p ,cOR>, regardless of the location of Z in the cube

KR(w)-
We begin by considering an auxiliary function
2
—(u—pu )2 5.3
v=(u—p)>, (53)

and introducing the following change of variables

+

xn—>m_j t»—>(8>p t. (5.4)

200R ’ R

+
Thus, the cylinder (z,0) + @ <(§)p 7800R> is mapped into Q4 = Ky X

(—4p+,0). Denoting again with = and ¢ the new variables, the function v
satisfies the PDE

% — divA(z,t,v,Vv) = B(z,t,v,Vv), in D'(Qy), (5.5)
with
~ 8\ 7P swy-lo1
Az, t,v,Vov) = <R> (5) NG Az, t,u, Vu), (5.6)
and
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By using (1.2)-(1.4) and assumptions (2.6) and (4.2), the applications A :
QuxRN*L 5 RN and B : Q4 xRN+ — RV satisfies the following structure
conditions

A, 1,0, V0)| < C (b, ) + ol @071 4 [Tofplen 1), (5.8)
B, t,v, V)| < C (e, 8) + [of =071 4 [Vope L), (5.9)
A(z,t,v,Vv).Vo > C|Vo[P@H), (5.10)

where (/3(33, t) € L (Qr) and C is a positive constant depend on p™, p~, A and R.
Therefore, (5.1) becomes

1
o(et) 2 5 e (x,t) € Q(ho) = {x : |#] < ho} (—47",0) (5.11)
where
2—p—
do 1/ 2 T A=D(E==2) _,
ho = — = = [ — =2 pT 1. 12
7 4¢y 4 <2A> < (5:12)

We regard Q(ho) as a thin cylinder sitting at the center of Q4. We will prove
that the relative largeness of v in Q(hg) spreads sidewise over Qs.
Proposition 5.1 will be a consequence of the following lemma.

Lemma 5.2. For every v € (0,1) there exists a positive number 6* € (0,1),
that can be determined a priori only in terms of v, N, pt, p~ and the data,
such that

Hz € Ko v(z,t) <5} <v|Ksf, (5.13)

for all time levels t € [—2p™,0].
Proof. The weak formulation of (5.5) is

/ Vi dw—i—/ zzl(ac,t,v,Vv).Vga dx :/ B(x,t,v,Vv)go dz,  (5.14)
K, K, K,

for all —47" < ¢ < 0 and all testing functions
p € Wh2(—4P",0; L2 (K4)) N LP@D (—42" 0, Wy P (Ky)).

Taking into account the structure of the function v and using Lemma 2.4, we
can claim that the truncated function (k —wv) for all positive testing function
, satisfies the following

%(k; —v)yp(z,t) de+ / Az, t, v,V ((k —v)4)). Ve dx
K e (5.15)
< . B(z,t,v,V ((k —v)4))e dz,



HOLDER CONTINUITY OF SINGULAR PARABOLIC EQUATIONS 67

In this formulation we take the testing function
&
k—(k—v)y +0k+RP

where £ = &1 (x)&>(t) is a piecewise smooth cutoff function in Q4 satisfying

w= (5.16)

0<¢<1in @4, and £ =11in @2,

& = 0 on the parabolic boundary of Qq,

V6| <1, 0< 6, <1,

the set {z € K4| & () > k} are convex Vk € (0,1).

(5.17)

Set also

(k—v)+ ds
oi(v) 7/0 (14 68)k —s+R]” !

k(1+6)+R
1+0)k—(k—v)+ +R]|"

(5.18)

¥r(v) = In {

Here k € (0,3), 6 € (0, %) and R < o7 1. Then, we obtain

g — v €p+ X
/K4 o'V [k(1+6)— (k—v)4 +RP " ;
A(a t 0 . (p~ = )V(k—v), &
+/K4A( 7t7 7V(k )+)|:[k‘(1—|—(5)—(k'—1})++R]p_
prer'1ve ]dm
[k(1+6)— (k—v)y +R]P

< /](4 B(xvtvvvv(k_v)Jr)

(5.19)

+

¢p
—du.
[k(1+6) — (k—v)y + R)P
Since u is bounded, by simple computation we get that
0< Cl(p+7p_?67 k) < [k(l + 6) - (k - U)+ + R]
S CQ(p+7p7757 k) < 0.

(5.20)

Now, estimating the various terms separately. Then by using (5.8)-(5.10),
(5.20) and ¢(x,t) € L (1), we obtain the following

| mowe” do=— [ owpte’ 6 ds
K4 K4
0

v pt
+ o . (bk(v){ dx,

(5.21)
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[k(1468) — (k—v)y + R)”
>c/ [V (k= o) " ¢
ki [k(14+6) — (k—v)y + R]”
o 90k — ) ) e (5.22)
[k(1+6) — (k —v), + RP™"
x [k(146) — (k—v), +R]P<w»t>—f dx

>C [ V()@ et
Ky

/ A(z,t,0,V(k —v)4)V (k—vw*
K, ) —
(

also by using Young’s inequality, and the fact that 0 < ¢ <1 and p(péi’)til >
t-1)

t)(
imply that f SahT < §p+7 we get that

p
pt—1

/ fl(ac,zﬁuV(k — v)+)fp+_lvg d
K [k(1+0) — (k—v), +R]P !

(8 1) + 10k = )4 P20 (k= ) P20

<C B
> K, [k(1+5)—(/€—v)++R]p -1
x & 1 |VE| da
& v
C d .
: </K4 k(1+6)— (k—v)y + R]p‘fl x (5.23)

+/K Vi ()01 g 1 v dm)

< C(a / |Vapi (0) [P €7 da + O (e) / VP da
K4 K4

& |Vl .
+/K4 [k(1+6)— (k—v); +R]P * ¢ )
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By the same method, the term on the right hand side of (5.15) becomes
¢p
[k(1+6)— (k—v)y +R]P *

<C (5/ V()P0 e de - Cle) | € da (5.24)
Ky Ky

+

/ B(z,t,v,V(k —v)}) dx
Ky

&
" /K [k(1+6) — (k—v), +R” " dm)’

Next, by the previous definition of k, the integral involving &; is majorised by
#. Therefor, by combining all the previous estimates in (5.15) and using
(5.20), we get

0

el pt p(x,t) ¢pt < c
5t . op(v)EP dx+C . |V (v)] &P dx < 5

Since |V (v)[P < |V¢k(v)|p(m"t) + 1, and using Poincarré’s inequality, we
obtain

0

- C
o [ o@E det C [ @) €7 de < o—— (5.25)
6t Ka K4 2 —
Introduce the quantities
Y, = sup / £p+ (z,t) de, n=0,1,2,.. (5.26)
—4rt <t<0 / KaN[v(.,t) <]

Then by using (5.25), Lemma 6.2 in [3] (see also Proposition 7.1 of chapter
IV in [10]) gives that for any v € (0,1) being fixed, there exists a constant
0 € (0, %) depending only on N, p™, p~, A, v and such that for all integer
n=1,2,...,4" such that

#<InR 'l - pfp_ - (5.27)
we have either
Y, <, (5.28)
or
Y41 <max{y, (1 —9)Y,}. (5.29)

Consequently, iterating (5.27)-(5.28) gives Iterating relations (5.25) and (5.26)
under the condition (5.24) and using the inequality

Y1 < |Ky| = 2V ||, (5.30)
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we obtain
Y, <max{v, (1-6)""'Y1} < max{v, 2V(1—-0)"" K|}, i = 2,..,i*. (5.31)

In (5.31), we choose the smallest ng for which (1 — §)"0~1 < 27¥y and set
§m0 = §*. Hence for all £ € [-2°", 0], we come to the relation (5.13). O

Now we are going to prove Proposition 5.1.

Proof. In Lemma 5.2 choose v = vy where vy is the number claimed by Lemma
4.1, and determine §* = §*(vg). Let mgo defined by

272 = §*(vp),

and apply Lemma 4.1 with 4~ =0, w =1, m; = 0, and R = 2 over the boxes
(0,2) + Ky x (=207 2277 0) = (0,0) + Q2(0.ma)  (5:32)

as long as they are contained in Qs, i.e., for ¢ satisfying
gm2(p” 2" _op" < f <0, (5.33)
Since (5.13) holds true for all time levels in ¢ € [—2T, 0], each such box satisfies
[{(z,t) € (0,1) + Q2(0,m2)| v(x,t) <27™}| < 1y |Q2(0,m2)|. (5.34)

Therefore, by Lemma 4.1

v > 27 M2t (1) € (0,1) 4+ Q2(0,my), (5.35)
for all t € (2’”2‘(1’7*2)21’+ - 2’”2(1’7*2)70). Since
(2l =290 — 90" gm0 5 (-1,0).
We conclude that

v(z,t) > 27" Y(z,t) € Q.

Consequently, we obtain

w R\

and the Proposition 5.1 follows with s; = ma+1, and me = —log, (6*(v)). O
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As an immediate consequence we get the reduction of the oscillation of u.

Corollary 5.3. There exists a constant g € (0,1) depending only on the data
and X, such that if (2.9) holds then

ess osc u<ogw, Vpé€ <0, R) . (5.37)
Q(pP" cop) 8

N
Proof. The proof follows since (pp+,cop) cQ ((?)p ,COR), where we

takeorg:lf%%. O

Assume now that (2.10) holds for all cylinders (Z, 0) —&—Q(Rp+ ,doR) making
up the partition of Q(Rﬁ,coR). Since

+_ wYw_ - ¥
1% ) /~L+27

we can rephrase (2.10) as

H (2,1) € (2,0)+QR  doR) : u(a, ) > " — L;H (5.38)

< (1-w) Q(RP*,dOR)’ .

2—p—
Let n be a positive number to be chosen and arrange that 2" »* is an

2—p_
integer. Then we combine 2"V 755 of these cylinders to form boxes congruent
to

p’;2 n2=p_
) o 42" . (5.39)

+ w

2n+1

Q(R”

Jd.R) = Kq_p x (—RP*,O) Cd = (

Next, we consider cylinders of type (z,0) + Q(Rp+ ,d+«R). These are contained

in Q(RPJr ,coR) if the abscissa T of their vertices ranges over the cube K/ (.,
where

R/(w) — {2)\(2—;0) _ 2(n+1) 2;5;‘ }wp;+2R

= [1d.R,

2—p—
where L, = (2)‘*("+1)) »* —1. We will take A > n+1 and arrange that L is

an integer. Then, we regard ) (RPJr , COR> as the union, up to a set of measure
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zero of LYY pairwise disjoint boxes each congruent to @ (Rp+,d*R>. Since
each box (z,0) + Q(R’ﬁ,d*R) is the pairwise disjoint union of boxes (¥, 0) +
Q(Rp+, doR), each of them satisfying (5.38). Therefore, we can rephrase (2.10)
this time as

'{(a:,t) € (z,0)+ QR? ,d.R): u(z,t)>put — ;H

(5.40)
< (1- 1) QR d.R)

for all cylinders (z, 0) 4—CQ(Rer ,d«R) making up the partition of @ (R”Jr , CQR).

Lemma 5.4. Let (Z,0)+ Q(R’#,d*R) be any box contained in Q (RN,COR)
and satisfying (5.40). Then, there exists a time level

e (—RP*,—%RP*),

such that, for all s > 2,

1—
Hx €+ Kq g, u(z,t*)>pt — %}‘ < (1 Zg) \Ka.r|. (5.41)
T2
Proof. In fact, if (5.41) doesn’t hold, then (5.40) also doesn’t hold. O

The next lemma asserts that a property similar to (5.41) still holds for all
time levels from ¢* up to 0.

Lemma 5.5. There exists a positive integer n such that for all t* <t <0

Ha: €x+Kaon: ulzt)>pt— 2:"“}’ < (1 - (”20)2> Ka.gl. (5.42)

Proof. By translation we may assume that £ = 0. Consider the cylinders
Kg, g x (t*,0) and the level k = pu™ — %. Define

w w
H" = esssup (uf (ut — —)) < -
g Ka,rX(t*,0) 277+ 7 2
Choose n € N big enough so that
w +
0<c:2n+1 < H .
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Then the logarithmic function ™ is well defined and satisfies the following

H+ w

YT <nln2, since ——kE < 2 = 9"
H —u+k+c c
1 1
o<ty = ——— <=
_(¢) H,j—u—l—k—i—c_c

and
2—p~ w p- =2
+ !/
@ < Gw)
In the logarithmic inequality (3.11) applied to the function (u — k)4 let 0 <

&(xz) < 1 be a smooth cutoff function defined in K4, r such that for some
€(0,1)

¢ =1, on the cube K(;_ny4,r, and |VE| < (md R) ™"

With these choices, for all t* < t < 0, we obtain
/ [z/ﬁ(u)]z dzx < / [0 (u)] ? d
K(i—mya,r*x{t} Ka, rx{t*}

+C(/ /Kd . () (U)]2 dzdt
<7Td R) / /Kd n ¢+) (u )rfp_ dwdt
<7Td R) /t /Kd . ) dadt
TR
S/wa{t*} [t (u)]? da
+C(n1n2 (2;11)72 R" +nln2 <7r1R)p+ Rt
+nln2 <7T1R>1’+ ;ﬁ)zﬂf Rr* +nln2(2:jr1)

1 C
@02 (1240 ) aorl + S Ve,
2

Rﬁ) |Kaq,r|

where we used Lemma 5.4 and the assumptions (2.6) and (4.2).



HOLDER CONTINUITY OF SINGULAR PARABOLIC EQUATIONS 74

The left hand side is estimated below by integrating over the smaller set

w
{w € Ka_mya,r: ulz,t)>p" — ot 1 } .

On such a set, £ = 1 and since 9 is a decreasing function of H ,j , we have

¢221n2( g ):(n—1)21n22.

oTFn—1

We carry this in the previous estimation and divide by (n—1)?2 In” 2, to obtain
for all t* <t <0

w
Hx € Ki—mya,r: u(z,t) > ut— TS H

< n 2 1-— 140 + C
—(\n-1 1-2 napt
On the other hand

w
H:EEKd*R, u(z,t) > pt — 2n+1}’

(5.43)

|Ka,Rr|

w
< ’{l‘ €EKi_ma,r: u(z,t) > pt — ol }‘ + N7|Ky, g| (5.44)

2
n 1—1y C
< N K, .
_{<n_1> <1—”2‘3>+n7ﬂ’++ w}| 4.R|

The proof is complete once we choose 7 so small that N7 < %ug , then n so
large that

nwPt T 8 n—1

2
C 3.2 and ( > §(17%)(1+1/0)>1.

O

The information of Lemma 5.5 will be exploited to show that in a small
cylinder about (0, 0), the solution u is strictly bounded above by

w
ut — —, for some m >n+ 1.

om’

The process also determines the number A that defines the size of @ (Rp+, co R) .

To make this quantitative consider the box

Q(ﬁRP+’COR)7 5:%’ co = (%) =
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We view @) (5Rp+ , C()R> as partitioned into sub-boxes (z,0) + Q (BRP+ , d*R>
where T takes finitely many points within the cube Kp/(,,). For each of these
sub-cylinders Lemma 5.5 holds.

Lemma 5.6. For every v € (0,1) there exists a number m depending only
on the data and independent of w and R such that, for all cylinders (Z,0) +

Q (ﬁRf,d*R) making up the partition of Q (ﬁRP+, COR), we have
’{(m,t) € (z,0)+Q (BRP*,d*R) s u(a,t) >t — 2“;}’ .
< vl (sm" 0.5

Proof. After a translation we may assume that (z,0) = (0,0). Set so =n+1
and consider the energy inequality (3.1) writhen for (v — k)4,

k=up ,i $s=3s8gp, So+1, so+2,...,m—1,
over the cylinder Q) (ﬁ (2]%)1”+ 72d*R>. Over such a box

(u(x,t) - (;ﬁ . 21))+ < 21 ae. (z,t) €Q (5 2R)" ,2d*R) .

The cutoff function (x,t) — &(x,t) is taken to satisfy

=1, o0 Q(BR" d.R),
£ =0, on the parabolic boundary of Q (6 (2R)p+ 7Qd*R) ,

Ve < ()7 06 < 2

voRP™ :

We put these estimates in (3.1) and discard the first non-negative term on the
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left hand side. This gives

//Q(,BRer,d*R) IV(u—k) " dudt
- C[Voép //Q(B(2R)P+,2d*R) (u— k)i dxdt
. ﬁ // (QR)”Jr,Qd*R) (u = k)zf dxdt
//XWR M*) @+>®dw4 (5.46)
<c[m= )+ (i) ()"
2n+p < > (%)p < > p (;>—p+]
<|e(sr"0.R)].
) ) =) G
)G @) )

and by means of the assumption (2.6) and Remark 2.5 we may estimate

Since w < 1, then

()

w\ P - w *p_+(p77f)p7 _
v RP P < (7) P RP
(25) T \2s

<1.

Therefore, we obtain

V(u—k). [P dedt
[ Ly g 7004

< e () o o )|

Now, we consider the levels

(5.47)
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By virtue of Lemma 5.5, we get

2
Hx € Ka.n, u(.,t) < pt — 23}’ > (%) \Ka.r|, Vt € (—BRP",0). (5.48)

Setting

w 0
A0 = {w e Kop w0y >t = 2}, 4= /BR A0 dr.

Then, from Lemma 2.2 of chap I in [10], we obtain

C
(%) |Aar(t)] < —d.R IVu| dz, Vte (—BRP,0). (5.49)
2 Yo As(O\As41 ()

Let us integrate both sides of (5.49) over the interval (—3RP",0). Then, by
using Holder’s inequality and raising the resulting relation to the power p—,
we obtain

(%)p_ [Aspa ()P

< C(d.R)" ( / /A [l dx) TRV (5.50)
< C(d.R) @l*ll%)p_ (%)p* ’Q <BRP+,d*R>’ A\ Aa P 7
Then,

_ 1
Ay < C ‘Q (6RP+,d*R) AN Agpal (5.51)

for all s = s, so+1,..,m — 1. Since p* — 5% < pt — 3%, the quantities
|As+1] > |Am|.- We combine this fact to obtain

m—1 - »
S 1 Awa |77 2 (m— s0) [Aw |77

S$=S80

m—1
Note also that Z |As \ As1] < ‘Q (BRf,d*R)‘. Collecting these esti-

8S=3S8p
mates, we arrive at

|Am| < ¢

Q (s8R d.R)|,

p——1
(m —sg) »~
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and the proof is complete once we choose m sufficiently large so that

p—

( C )P‘l
<.
m — Sg

To proceed we return to the box @ (BRP+7COR) and recall that it is the
finite union, up to a set of measure zero, of pairwise disjoint boxes (z,0) +
Q (,BRP+,d*R). Therefore Lemma 5.6 implies.

O

Corollary 5.7. For every v € (0,1), there exists a number m depending only
upon the data and independent of w and R such that

H(:c,t) €Q (ﬁRp+,coR) s u(x,t) > pt - 2%}‘

<v ‘Q (5}213*,001%)‘ . (552

We finally determine the size of the cylinder @ (BR”+,COR> and conse-

quently the number A. First, in Corollary 5.7 take v = vy and determine m
accordingly. Then let mqy be given by

Y0 _ gma(p™-2)
= — =92™Mm=2 p
s== ,
and assume that m > msq. Determine A from
A =mq, and m = mq1 + mo.
With these choices, the cylinder @ (BRP+,COR) coincides with the cylinder

Q(mq,my) introduced in Lemma 4.1. By Corollary 5.7, we have

{@.t) € Qulmima) : u(e,t) > u* = 25} < v0[Qr (ma,ma)]

Using Lemma 4.1 implies

U(Jﬁ,t) S ,u+ - V(l‘,t) € Q% (mlamQ) .

2m+1 ’
which leads us to the following statement.

Proposition 5.8. Assume that (2.10) holds true for all cylinders (z,0) +
Q (Rp+,doR) making up the partition of @ (Rp+,coR). Then, for all 0 <

R
pP<73
ess 0osc u < oqw, (5.53)
Q(Bpr™ ,cop)

1
where o1 = 1-— FmFT -
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Now, we are going to prove our main result Proposition 2.6.

Proof. The proof of Proposition 2.6 follows by combining the two alternatives.
The conclusion of the first alternative is that

R
ess osc u < ogw, Vpé€E (0, ) , (5.54)
Q(p7™" cop) 8
1 . .
where 0g =1 — ETIESE The conclusion of the second alternative is that
R
essosc u<ow, Vpe|0,—=]), (5.55)
Q(BpP™" cop) 2
L 1
w ereolzl—W. Set

1
- 2
o = max{og,01}, and C = ’BZ = (L) "

Observe that, assuming vy < %,

Define

and the cylinder

|
/~
)
2| &
~—
s
+

Q=Q (R’ .CiRy), &

Since o < 1,
OlRl § CoRl.

Therefore, combining both alternatives,

ess osc u < wy. (5.56)
Q1

The process can now be repeated inductively starting from such relation. [J
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